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One of the main topological invariants that characterizes several topologically-ordered phases is
the many-body Chern number (MBCN). Paradigmatic examples include several fractional quantum
Hall phases, which are expected to be realized in different atomic and photonic quantum platforms
in the near future. Experimental measurement and numerical computation of this invariant is
conventionally based on the linear-response techniques which require having access to a family of
states, as a function of an external parameter, which is not suitable for many quantum simulators.
Here, we propose an ancilla-free experimental scheme for the measurement of this invariant, without
requiring any knowledge of the Hamiltonian. Specifically, we use the statistical correlations of
randomized measurements to infer the MBCN of a wavefunction. Remarkably, our results apply to
disk-like geometries that are more amenable to current quantum simulator architectures.
Introduction.— Topologically ordered systems are a
class of gapped quantum phases of matter [1, 2], which
can have robust topological ground-state degeneracy, and
host excited states with fractional statistics, known as
anyons [3]. These systems, unlike symmetry protected
topological (SPT) phases that have short range entan-
glement, acquire long-range entanglement which makes
them a suitable platform for realizing quantum compu-
tation [4, 5]. Paradigmatic examples of chiral topolog-
ically ordered systems are the fractional quantum Hall
(FQH) states that in certain cases are characterized by
the many-body Chern number (MBCN), as their topo-
logical invariant.
In recent years, the interest in engineering topological
states of matter in synthetic quantum systems has sub-
stantially grown. Examples of such quantum simulators
include neutral atoms [6], superconducting qubits [7, 8],
photons [9], and more recently Rydberg atoms [10, 11].
With these developments, the benefit of having direct ac-
cess to the wave function in quantum simulators opens
new avenues to investigate and measure the topological
properties. In the conventional condensed matter physics
the detection of topological properties relies on the appli-
cation of external probes and linear response framework,
and similar schemes have been also proposed for the simu-
lated matter [12–14]. Moreover, ancilla-based approaches
have been proposed that involve a many-body Ramsey in-
terferometry to measure the topological charge [15], and
entanglement spectrum [16]. But the fact that the ancilla
should be coupled to the entire system limits the applica-
bility of such schemes. Recently, this question has been
theoretically investigated in the context of SPT systems
[17–22], but the problem for topologically-ordered system
has been relatively unexplored.
Here, we propose a novel method for the measurement
of MBCN. Using our recent findings [23], we show that
given a wave function on a disk-like geometry, for a sin-
gle set of parameters, one can construct the MBCN by
applying certain operators on the wave function, without
knowledge of the Hamiltonian. This should be contrasted
Exp. 1 Exp. 2
FIG. 1: The randomized measurement scheme. We define
two regions R1 (red) and R2 (green) in the lattice with side
length `1 × `y and `2 × `y respectively. We prepare two iden-
tical wave functions |ψA〉 and |ψB〉 in experiment A and B
respectively. The local unitary operator Vˆ is applied in the
region R1 in the exp. 1. Subsequently, the random unitary
UˆR1 is applied in the region R1 on both wave functions. The
projective measurements on the particle occupation basis are
performed on regions R1 and R2 in both experiments. The
MBCN can be inferred from the statistical correlation be-
tween the randomized measurement results in experiment A
and experiment B.
ar
X
iv
:2
00
5.
13
54
3v
1 
 [q
ua
nt-
ph
]  
27
 M
ay
 20
20
2with the common situation where one requires a family of
many-body wave functions, e.g., different twist angles on
a torus. Importantly, such a construction allows one to
perform the measurements using random unitaries [24–
26]. Our scheme requires only a single wave function at
a given time, for the same set of parameters, as schemat-
ically shown in Fig. 1. In other words, in each exper-
imental realization, one requires only a single copy of
the system, and simultaneous access to several identical
copies of the wave function is not required. Therefore,
this scheme can be easily implemented with the state of
the art ultracold atoms, Rydberg arrays and circuit-QED
platforms.
First, in the context of topological quantum field the-
ory (TQFT) [27], we interpret and generalize the polar-
ization formula for the MBCN [23]. We demonstrate that
by introducing two symmetry defects, in the space-time
manifold, one can evaluate the MBCN, as an expecta-
tion value of symmetry defect operators. This allows
us to effectively change the boundary conditions of the
wave function. Then, by cutting and gluing space-time
manifolds, we show that topologically non-trivial space-
time manifolds, such as a torus, can be obtained from a
given wave function on a rectangular geometry. Such op-
erations can be obtained by applying a SWAP operator
between two subregions [21]. Similar to the Renyi en-
tropy, where the expectation of the SWAP operator can
be evaluated using a single copy of the wave function at
a time, we show how such space-time surgery can be im-
plemented in an experimental setting. Importantly, we
show that the symmetry defects can be implemented by
post-processing the data.
As a prerequisite for our protocol, we need to know
the number of flux quanta that must be adiabatically in-
serted into a region of the system before a topologically
trivial excitation is obtained [23]. As another feature of
our protocol, we note that the amplitude of the SWAP
expectation value decreases exponentially with the sub-
regions area, in the absence of spatial symmetries. More-
over, the number of randomized measurements increases
exponentially with the system size. Therefore, for both
reasons, our protocol is particularly suitable for Noisy
Intermediate-Scale Quantum (NISQ) devices [28].
Many-Body Chern Number.— In order to introduce the
MBCN, we first consider a full multiplet of s topologically
degenerate ground states on a torus. The wave functions
are Ψα(φx, φy) defined on a torus geometry, with length
Lx and Ly along the x and y directions, respectively.
Here α = 1, . . . , s and we consider abelian quantum Hall
states with Hall conductance σxy =
e2
h
p
q , where p and q
are co-prime integers and the parameter s = q. In this
case, the parameter s is the number of flux quanta that
has to be inserted before a topologically trivial excitation
is obtained. We note that in general, the parameter s
can be different from q when the degenerate ground state
subspace is composed of multiple topological sectors.[45].
The twisted boundary conditions are defined as
tˆj(Lkkˆ)Ψ(φx, φy) = e
iφkΨ(φx, φy), where k = x, y and
tˆj(~r) being the magnetic translation operator of the jth
particle along the direction ~r. The MBCN of a FQH
system is of the form [29]
C =
1
2pii
ˆ 2pis
0
dφx
ˆ 2pi
0
dφyF(φx, φy), (1)
where F(φx, φy) = 〈∂φxΨα|∂φyΨα〉 − 〈∂φyΨα|∂φxΨα〉 is
the Berry curvature obtained from adiabatically varying
the twist angle boundary conditions (φx,φy), for a single
wave function |Ψα〉.
Alternatively, one can obtain the MBCN, when the
wave function is given only as a function of one twist
angle. Specifically, let |Ψα(θx)〉 be the ground state wave
function in the presence of a flux through the x direction¸
dxAx = θx, and we take the flux in the y direction
to be zero,
¸
dyAy = 0. We note that for the following
argument, one can also consider a cylinder instead of a
torus. Following Resta [30], we define the polarization
operator as Ry =
∏
x,y e
i 2piy`y nˆ(x,y), where the product is
taken over the whole system. We then compute
T (θx, s) = 〈Ψ(θx)|Rsy|Ψ(θx)〉. (2)
Adiabatically changing θx is equivalent to applying an
electric field Ex, which induces a current in the y direc-
tion due to the Hall conductivity, which corresponds to a
changing polarization along the yˆ direction. The MBCN
therefore can be obtained as
C =
1
2pi
d
dθx
argT (θx, s). (3)
We note that equation above converges to the MBCN
in the thermodynamic limit. For systems with finite size,
a more robust result can be obtained by averaging over
the twist angle: C = 12pi
¸
dθx
d
dθx
arg T (θx, s). The Hall
conductivity corresponds to σH =
C
s
e2
h .
We note Eq. (1) and Eq. (2) are equivalent to each
other and require toridal and cylindrical geometries, re-
spectively. While there are theoretical proposals to im-
plement such geometries [31, 32], an experimental real-
ization remains challenging.
TQFT generalization of Resta Formula.— We inter-
pret and generalize the polarization formula (2) using the
TQFT formalism and the Chern-Simons response theory.
The low-energy response of the system can be encoded
in an effective action for the background electromagnetic
gauge field A, such that the TQFT partition function on
a space-time manifold M is given by,
Z(M,A) = Z(M, 0)ei pq SCS [A]. (4)
The Chern-Simons response action is given by SCS [A] =
1
4pi
´
M
µνλAµ∂νAλ, where µ = t, x, y. The space-time
3(a)
(d)
(b)
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FIG. 2: (a) The space-time manifold of the Z(M,A) in Eq.
(4), without showing the y axis. The green line represents the
symmetry defects Ax and the red line corresponds to At. (b)
The SWAP operator SˆR1 creates a branch cut in the region R1
that connects the space time between system A and system
B. The red and the green curves depict the operator Vˆ and
Wˆ (φ) respectively. (c) A pi rotation around the x axis in the
system B maps the branch cut in (b) to a space time cylinder
which is topologically equivalent to (d).
manifold M is S2 × S1, where y and t are on the sphere
S2 and x is on the circle S1. Note that x−y plane forms
a torus. The twisted boundary condition required in
the wave functions of Eq.(2) can be realized by applying
Ax = θxδ(x) and Ay = 0. We interpret Resta’s polariza-
tion operator as an application of an electric field along
the y direction at t = 0 and therefore At =
2pisy
`y
δ(t).
Under these conditions, the partition function is given
by Z(M,A) = Z(M, 0)eiCθx , where C = sp/q = p.
The background gauge fields in Eq. (4) form two sym-
metry defects which are wrapped around two distinct
non-contractible loops on the manifold M , as shown in
Fig. 2(a).
Now instead of measuring the MBCN on the x − y
torus, here we cut and glue the space-time manifold in
TQFT to construct the partition function on a topolog-
ically non-trivial manifold, by starting with the state on
simple space manifolds. This allows us to create two non-
contractible loops on a disk geometry. We start from two
identical wave functions |ψA〉|ψB〉. We apply the SWAP
operation SˆRA1 ,RB1 between the two wave functions in the
region R1 as shown in Fig. 1. For an infinitesimal time
interval , the SWAP operation glues the space-time man-
ifold from t = ∓ in A to t = ± in B, respectively, as
shown in Fig.2(b). If we perform a pi-rotation on the
manifold of B along the xˆ axis, it becomes clear that the
two required non-contractible loops are formed, as shown
in the Fig. 2 (c) and (d). These non-contractible loops
are used to apply the symmetry defects of the gauge po-
tential At and Ax in this synthetic non-trivial topology.
Now, we make a connection between the TQFT and
the microscopic theory to explicitly express the symme-
try defects in Fig. 2 in terms of the system operators.
These symmetry defects are local in time and can be
simply constructed by the local density operator nˆ(x, y).
Specifically, the operators that represent the polarization
and the twist angle are
VˆR =
∏
(x,y)∈R
e
i 2pisy`y nˆ(x,y), WˆR(θx) =
∏
(x,y)∈R
einˆ(x,y)θx .
(5)
Now the MBCN can be obtained as the expectation value
of the SWAP operator, which constructs the non-trivial
space-time, and the above operators. Specifically,
T (θx) = 〈ψA|〈ψB |Vˆ †RA1 Wˆ
†
RB2
(θx)SˆRA1 ,RB1 WˆRA2 (θx)VˆRA1 |ψA〉|ψB〉,
(6)
where R
A(B)
i is the ith region of the wave function
|ψA(B)〉, SˆRA1 ,RB1 is the swap operation between the two
copy of the wave function and T (θx) ∝ eiCθx . There-
fore, the winding number of arg[T (θx)] corresponds to
the MBCN. We note that while our TQFT derivation
of this formula is applicable to cylindrical geometries,
extensive numerical simulations indicates that the same
formula can also be applied to disk-like geometries [23].
Randomized Measurement Scheme.— We now
present the experimental protocol to measure the
MBCN via random measurements. Eq. (6) involves
the SWAP operator between two copies of the wave
function, and the expectation value can be obtained
by performing a beam-splitter interaction between
the two copies and a parity measurement [33–36]. In
contrast, we show that a random measurement protocol
requires only a single wave function, at a given time.
Our key observation is that, without the symmetry
defect operators, Eq.(6) is reminiscent of the second
Renyi entropy expression and its evaluation through
the SWAP operator expectation value, which can be
extracted using randomized measurement [24]. Here,
we need to generalize that scheme to incorporate the
symmetry defect operators.
Let us consider a two-dimensional square lattice sys-
tem with open boundary condition. Eq. (6) involves non-
local SWAP operations between two replica of the wave
functions. It can be performed through the following two
randomized measurements as described in Fig. 1.
We start by preparing the wave function |ψ〉 in the
open boundary condition. We first apply the operator
VˆR1 on the state in the experiment A. We then perform
the random unitary operation Uˆ and the measurements
on the occupation probability in the region R1 and R2 for
both experiment A and B. The random unitary opera-
tions are sampled from an approximate unitary 2-design
[37, 38]. After repeating the measurement NM times,
we obtain the probability distribution over the occupa-
tion basis |b〉. The results of the two experiments are
PVU (b) = |〈b|Uˆ Vˆ |ψ〉|2 and PU (b′) = |〈b′|Uˆ |ψ〉|2 respec-
tively. We repeat the two experiments with different ran-
dom unitary operations Uˆ for NU times. The statistical
4correlation of the measurement results in the experiment
A and B gives
T˜ (θx) =
∑
{b}
∑
{b′}
Ob,b′(θx)PVU (b)PU (b
′), (7)
where the bar, · · ·, means the average over
the random unitaries from an approximate uni-
tary 2-design. The coefficient Ob,b′(θx) =
δN1(b),N1(b′)Db(−Db)δb,b′−1ei[N2(b)−N2(b
′)]θx , where
N1(b) and N2(b) are the number of particles of the
basis state |b〉 in the region R1 and R2 respectively and
Db =
( `1`y
N1(b)
)
. Since T˜ (θx) = T (θx) for an ensemble
average over a unitary 2-design [46], the winding number
of the measurement result arg[T˜ (θx)] gives the Chern
number C˜.
In the following, we consider the randomized measure-
ment scheme for system with non-trivial Chern number
with finite number of NU and number of projective mea-
surements NM for each realization of randomized mea-
surement.
Numerical results. – We present the measurement of
MBCN for bosonic fractional quantum Hall states with
filling ν = 1/2. We consider hard-core boson on the
Nx ×Ny square lattice in the open boundary condition,
with a magnetic tunneling Hamiltonian of the form
Ht = −J
∑
x,y
(aˆ†x+1,yaˆx,y + e
−iΦxaˆ†x,y+1aˆx,y) + h.c., (8)
where aˆx,y(aˆ
†
x,y) is the bosonic annihilation (creation) op-
erator on site (x, y), Φ = 2pi/q is the magnetic flux on
each plaquette. The ground state is known to be a FCI
phase, with the MBCN C = 1 [39, 40].
In Fig. 3(a), we first show that the MBCN of this phase
can be extracted, using the SWAP operator formula, Eq.
(6). We observe that the correct quantized value C˜ = 1
can be obtained, when the region size is larger than the
magnetic length of the system, which is less than a lattice
spacing in our case.
Then, in Fig. 3(b-d), we show that the MBCN can be
extracted using randomized measurement (Eq.(7)). In
order to implement random unitaries, we apply quench
dynamics [25]. We consider the number conserving ran-
dom quench unitary operation Uˆ =
∏η
k=1 e
−iHqkT , where
η is the depth of the random quench, T is the time step
of each quench. The kth quench Hamiltonian is of the
form
Hqk = −J
∑
〈i,j〉, i,j∈R1
(a†iaj + h.c.) +
∑
i∈R1
∆ki nˆi, (9)
where ∆ki is a Gaussian distributed random number with
mean zero and standard deviation ∆. It has been shown
that when the magnitude of ∆ is comparable to T−1
and J , the random quench unitary operator gives the
approximate 2-design unitary [25].
FIG. 3: Simulation results for Eq. (6) and (7), for the FCI
phase with C = 1. (a) Obtained MBCN by Eq. (6) for vari-
ous region size (`1, `2) and `y with Nx = 6, Ny = 8. , labeled
with different markers. (b) Probability of obtaining the ex-
pected MBCN (P[C˜ = 1]) from Eq. (7), using randomized
measurements, as a function of the number of random uni-
tary operations NU with NM = ∞. Region sizes are taken
to be `1 = `2 = 2. (c, d) Probability of obtaining the ex-
pected MBCN versus number of measurements NM , for two
sets of region sizes. For all panels, J = 1, and Φ = 2pi/3. the
probability P[C˜] is computed by averaging over 500 times in-
dependent randomized measurement results. Random quench
parameters are η = 20, ∆ = J , T = J−1 and n′ = 0.5n1 +n2.
The performance of the randomized measurement is
characterized by the probability of obtaining the correct
MBCN P[C˜ = 1]. In Fig. 3(b), we consider the limit
of NM → ∞, the performance of the randomized mea-
surement weakly depends on the number of qubits in the
measurement region R1 and R2. In Fig. 3 (c) and (d), the
shot-noise of the measurements are taken into account.
When the number of measurements NM is of the same
order of magnitude as 2n
′
, where n′ = 0.5n1 +n2, and n1
and n2 are the number of sites in the region R1 and R2
respectively, the probability P[C˜ = 1] starts to saturate.
The factor 20.5n1 originates from the birthday paradox
scaling of the randomized measurement in the region R1
[24] and the factor 2n2 is contributed by the shot-noise of
the number operator measurement in the region R2. The
randomized measurements can be realized in the current
and near-term experimental platform. For example, in
the circuit QED architecture with 10kHz repetition rate,
each randomized measurement can be performed within
a few minutes.
Adiabatic preparation of FCI. In order to experimen-
tally realize the above FCI state, one can start by a Mott
insulator state, by adding a trapping potential in form
of a superlattice Vtrap = M
∑
x,y(−1)y+px nˆx,y, where
and px = floor(x/q) [39, 40]. Specifically, the Mott in-
sulator for large trapping strength M , can be adiabati-
cally melted into a FCI state by decreasing the strength
5M . In Fig. 4, we consider an adiabatic process with
M(t) = M0(1 − t/Tad), where M0 is the initial trap-
ping strength and Tad is the adiabatic preparation time.
The energy gap remains open in the process of adiabatic
preparation, as shown in Fig. 4(b). For slow enough
sweep, the overlap between the instantaneous ground
state and the adiabatic wave function remains higher
than 0.999 for Tad = 100J
−1, as shown in Fig.4 (c). In
Fig. 4(d), we show that the randomized measurement
results agree with the theoretical values, in both trivial
and topological limits. However, if the sweep time is not
in the adiabatic limit, e.g., Tad = 1J
−1 as in Fig. 4 (c)
and (d), then the system deviates from the FCI phase.
(a) (b)
(c) (d)
FIG. 4: Adiabatic preparation of FCI and measurement of
MBCN by varying a trapping potential. (a) Schematics of the
system considered in the simulation, with open boundary con-
dition and Nx = 6, Ny = 8. Region lengths are `1 = 2, `2 = 2,
`y = 6 and Φ = 2pi/3. The potential energy is −M/+M in
the dark/bright regions, respectively. (b) The energy spec-
trum, and the corresponding MBCN as a function of M . (c)
The fidelity 1− |〈ψin|ψad〉|, where |ψin〉 is the instantaneous
eigenstate and the |ψad〉 is the adiabatic wave function pre-
pared by linearly decreasing the trapping strength M , with
the preparation time Tad. (d) The MBCN randomized mea-
surement results with parameters NU = 1024, NM = 2
n′ ,
η = 20, ∆ = 1 and T = 1.
Outlook.– Our work opens up a new avenue for cre-
ating non-trivial topology on space-time manifold, using
the SWAP operation. It is particularly intriguing that
the SWAP operation can be implemented by random uni-
taries in the NISQ devices. More broadly, quantum sim-
ulators are poised to realize topologically-ordered states
that might not occur in a conventional electronic mat-
ter. Given this opportunity, it is important to develop
measurement methods that go beyond linear response
formalism. For example, it is interesting to investigate
whether the application of SWAP operator through ran-
domized measurement can be used to probe other topo-
logical characterizations, such as modular matrices [41],
topological entanglement entropy [42, 43] and the order
parameter of the symmetry enriched topological phases
[44].
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Supplementary : Derivation of Eq. (7) In this sup-
plementary, we derive Eq.(7) in the main text, which
allows us to extract the MBCN from the statistical cor-
relations of randomized measurements.
We start by considering two arbitrary density matri-
ces ρA and ρB with dimension D. As shown in [24], the
expectation value of the SWAP operator can be imple-
mented by the 2-design random unitary operations of the
form
tr(ρA ⊗ ρB SˆA,B) = D
∑
s1,s2
(−D)1−δs1,s2PAU (s1)PBU (s2),
(10)
where PαU (s) = tr(UραU
†|s〉〈s|) and α = A,B.
Notice that the right hand side of the above equation
can be written as
D
∑
s1,s2
(−D)1−δs1,s2PAU (s1)PBU (s2)
= D
∑
s1,s2
(−D)1−δs1,s2
× tr(|s1〉〈s1| ⊗ |s2〉〈s2|U ⊗ UρA ⊗ ρBU† ⊗ U†)
= tr(U† ⊗ U†OˆU ⊗ UρA ⊗ ρB), (11)
where Oˆ = D∑s1,s2(−D)1−δs1,s2 |s1〉〈s1| ⊗ |s2〉〈s2|.
By using the 2-design property of the random unitary
operation, we obtain
U ⊗ UOˆU† ⊗ U† = 1D2 − 1(tr(Oˆ)−
1
D tr(SA,BOˆ))Iˆ
+
1
D2 − 1(tr(SˆA,BOˆ)−
1
D tr(Oˆ))SˆA,B ,
(12)
Since tr(Oˆ) = D and tr(OˆSˆA,B) = D2, we arrive at equa-
tion (10).
Using equation (10), now we can rewrite T (θx) defined
in the main text, in terms of statistical correlations,
T (θx) = 〈ψ˜A|〈ψB |Wˆ †RB2 (θx)SˆRA1 ,RB1 WˆRA2 (θx)|ψ˜A〉|ψB〉,
(13)
where |ψ˜A〉 = VˆRA1 |ψ〉.
Since the operators WˆRA2 and WˆRB2 are diagonal in the
particle occupation basis, we can apply it after projective
measurements. Specifically, we use the following identity
T (θx) =
∑
sR2
eiN(sR2 )θxe−iN(s
′
R2
)θx
× 〈ψ˜A|〈ψB |SˆRA1 ,RB1 Pˆ
A
sR2
PˆBs′R2
|ψ˜A〉|ψB〉, (14)
where sR2 is the basis of particle number configuration
in the region R2, N(s) is the number of particle in the
basis state |s〉 and PˆA(B)sR2 is the projector that projects
8the particle configuration in the region R2 into the state
sR2 .
Now, we perform the partial trace operator on wave
functions A and B and only keep the region R1. Corre-
spondingly, we can rewrite (14) as,
T (θx) =
∑
sR2
eiN(sR2 )θxe−iN(s
′
R2
)θx
× tr(ρA;sR2 ⊗ ρB;sR2 SˆRA1 ,RB1 ), (15)
where the reduced density matrix is defined as ρp;sR2 =
trR/R1(PˆsR2 |ψp〉〈ψp|), where p = A,B.
For the ground state of a number conserving Hamilto-
nian, the reduced density matrix ρp;sR2 can be written as
the direct sum of the density matrix with different num-
ber of particles. Therefore, ρp;sR2 =
⊕∞
k=0 ρ
k
p;sR2
, where
ρkp;sR2 is the reduced density matrix with k particle in
the region R1.
The SWAP operation SˆRA1 ,RB1 is a number conserving
operation and it can also be factorized into the direct sum
of SWAP operations with different number of particles
sectors SˆR1 =
⊕∞
k=0 SˆkR1 . Equation (15) can be simplified
as
T (θx) =
∑
sR2
eiN(sR2 )θxe−iN(s
′
R2
)θx
×
∞⊕
k=0
tr(ρkA;sR2 ⊗ ρ
k
B;sR2
SˆkR1). (16)
The SWAP operator in the k-particle sector can be
implemented by equation (10) with the random unitary
acting on the k-particle sector Uˆk which can be imple-
mented with the random quench dynamics with number
conserving Hamiltonian. By replacing the SWAP oper-
ation in equation (16) by the random unitary operation
defined in equation (10), we reach equation (6) in the
main text.
